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Generalized ldeals in Orthoalgebras
Shang Yun' and Li Yongming?
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The definitions of generalized ideal and generalized filter in orthoalgebras are given, the
relationship between generalized ideals and local ideals is studied, and the connections
between generalized ideals and supports are established.
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1. INTRODUCTION AND BASIC DEFINITIONS

Since in 1936 Birkhoff and von Neumann regarded the lattice of all closed
subspaces of a separable infinite-dimensional Hilbert space thatis an orthomodular
lattice as a proposition system for a quantum mechanical entity @glikl998),
orthomodular lattices have been considered as a mathematical model for a calculus
of qguantum logic. With the development of the theory of quantum logics, orthoal-
gebras as a quantum structure that generalize orthomodular lattices, orthomodular
posets, are also regarded as a mathematical model of quantum logic galis
1992). Because quantum structures are all algebraic structures, their algebraic
properties play an important role in studying the theory of quantum logic @djkl”
1998). We know that the notion of ideals (i.e., p-ideals) is a very powerful tool to
study quantum logic ( Kalmbach, 1983). Hence, it is necessary to study ideals of
orthoalgebras. From the point of logic, Foudisal., studied local filters, local ide-
als, and obtained some properties of local filters (Faatlial., 1992). In this note,
we give the definitions of generalized ideals, generalized filters, prove the equiv-
alence between generalized ideals and local ideals, and establish the relationship
between generalized ideals and supports.

Definition1.1. (Foulisetal, 1992). An orthoalgebra (OA) is a detontaining
two special elements 0, 1 and equipped with a partially defined binary operation
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@ subject to the following conditions for afi, g, r € L:

(i) (Commutativity) If p & q is defined, theg & pis definedanp & q =
qe p;
(i) (Associativity) Ifq & r isdefinedang & (q & r) is defined, thep & g
is defined, p@ q) @r is defined,and ® (Qdr)=(p®q) or;
(i) (Orthocomplementation) For anp € L there is a uniqueg € L such
thatp @ q is defined, anp ® q = 1,
(iv) (Consistency) Ifp @ p is defined, therp = 0.

If the assumptions of (ii) are satisfied, we wraed b & c for the element
(aebydc=ad(bbdc)inL.

Remark 1.2. Let L be an orthoalgebraamul g € L.

(i) pis orthogonal tay and writepL qiff p & q is defined inL.
(i) pis less than or equal ip and writep < q iff there exists an element
r e Lsuchthaper =q.
(iii) pisthe orthocomplement af iff pis a unique element df such that
p®q=1,anditis written ag".

Definition1.3. LetL be an OA, a triple subsép, g, r} of L is called a triple
orthogonal setifp . g andp & gL r hold.

Definition 1.4. (Eissa and Habil, 1994). An orthomodular poset (OMP) is an
orthoalgebrd. that satisfies the following conditions:
Forp,qeL,if pLqg,thenpv gexistsandoVv q=p&q.

Lemmal.5. (Foulisetal.,1992). Letpg,r e LwithpLlLgand(péq)-Lr.
Then any of the following is a Boolean subalgebra of L:

(i) {0,1,p, p*},

(i) {0,1,p,q9, p®q, p-,a", (p®A)'},

(i) {0,1,p,q.r, pd . pdr,gdr, pdqar, pbt,at,rt, (p®g)t,
@ent, (par)t, (pogar)ty).

Proposition 1.6. (Foulis et al., 1992). Let L be an OA, for,ge L, p <q,
define g— p = (p ® g*)*, then the following properties are satisfied:

(i) f pLq,then p=(p®q)—q,

(i) fp<q,theng= p®(q — p),

(i) fp<g<r,thenr —q)®(Q@—-p)=r —p,

(iv) Ifp<g<r,then(r —p)—(Q—-p)=r—q,

(V) fp<gandr<q-p,then(@—p)—r=(q—r)—p.
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Definition1.7. (Kalmbach, 1983). Ldt be an OA. A nonempty subsef L
is called an ideal, if

(i) Foralla,b e I, there existe € | suchthat <c,b <c,
(i) I isadown set, thatistosag,e L,bel,anda<bimplyael.

Definition 1.8. (Fouliset al,, 1992). LetL be an OA. A finite seD C L is
called a difference set if eithdd is empty or there exists a strictly increasing
sequence

Po< Pr<P2< .- < Pp1< pp.
inL suchthatD = {px — pko1 | k=1, 2,...,n}.
In addition, we definedD = p, — po.

Definition1.9. (Fouliset al., 1992). LetL be an OA, a subs& C L is called
a support if it satisfies the following conditions:

() 0¢&S
(i) Forp,gel,plLq, p®geS< {p,qnS#n.

Lemma 1.10. (Foulisetal., 1992). LetL bea@A,0¢ SC L, the following
conditions are equivalent:

(i) Sisasupport;
(i) Forany difference D& D € S« DNS# .

2. GENERALIZED IDEALS

Definition2.1. LetL be an OA. A nonempty subskbf L is called a generalized
ideal if it satisfies the following conditions:

(1) Forpe L,gel,andp < qgimply p € | (down set).
(12) For all triple orthogonal sdtp, q,r},if p@r e l,qdr € |,thenp®
gqger el.

Definition2.2. LetL be an OA. A nonempty subsEtof L is called a generalized
filter if it satisfies the following conditions:

(F1) Forpe F,geL,p=<qgimplyqg e F (up set).
(F2) For all triple orthogonal sép, g, r},if p@r e Fandger € F, then
rekfF.

The set of all generalized ideals (generalized filterd) &f denoted byt (L)
(by F(L)). Each of these, with the empty set added, is a complete lattice.
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A generalized ideal or generalized filter is called proper if it does not coincide
with L. Itis very easy to show that

(i) Ageneralized idedl of an OA is proper iff 1£ |.
(i) Ageneralized filter of an OA is proper iff O F.
(iii) {0} is the smallest generalized idefl} is the smallest generalized filter.

Proposition 2.3. Let L be an OA. If (F) is a proper generalized ideal (filter)
and pe I(F), then p- ¢ I (F).

Proposition 2.4. Let L be an OA. If | is a proper generalized ideal, and F is
a proper generalized filter, thentl= {p’ : p € |} is a proper generalized filter,
FL = {p': p e F}is aproper generalized ideals.

Proof. Letpelt,gel andp <gq. Thenpt €l andgt < pt. Soqg* e |
andq = (g1)* e I+. Let{p, q,r} be atriple orthogonal seh ®r € 1 +,q®r €
I+. Thenp@®r)- el and q@r)t el,thatistosay (- (p@r))el, (11—
(g@n)l,For(1—(p®r))el,bypdr <g’ <1,then

1-(per)=1-qgH@e@ —(pdr) =9 (@ —(par))
=qo((1-ag)—-(por)=qge@-(poreaq)el.

Similarly, 1—-(g&r)=pae(1l—(p®dr &q)) € |. Evidently,{p,q,1— (p &
g@r)} is a triple orthogonal set. Thep®qd (1 —(pdgSr)=peqad
(A=r)—(p®Qg)=1-rel,ie,relt. Sincel is a proper generalized
ideal, then 1¢ 1, i.e., 0¢ | +. Hencel * is a proper generalized filter.

Similarly, we can prové= is a proper generalized ideal. O

Proposition 2.5. Let L be an orthomodular poset. ForalL and a# 1, then
[0,a] ={g e L:0=<q < a}isaproper generalized ideal.

Proof: Obviously, (I11) is satisfied. Leftp, g, r} be a triple orthogonal set with
pdr <a,qédr <a. Thenpvr <ag=<qvr<aBypvr=porlaq,
thenppvr)®qg=pvrvg.Hencepvqgvr <a,i.e,p®qdr <a.So(l2)
is satisfied and [(g] is a proper generalized ideal. O

Definition2.6. LetL be an OA, a nonempty subdetC L is called a local ideal
iff for all Boolean subalgebr® C L, | N B is an ideal ofB.

Theorem 2.7. Let L be an OA, a nonempty subsetlL is a local ideal iff | is
a generalized ideal.
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Proof: “Only if” part. Let x <y, y € I. Thenx L y*. By Lemma 1.5 we have
that B = {0, 1,x, y5, x® y*, x1, y, (x @ y)*} is a Boolean subalgebra f,
which impliesl N BisanidealoB.Byy e |,y € B,then|, yn B C | N B. So
xelynBcCInB.ie,xel.Hence, (I11) is satisfied. For all triple orthog-
onal set{p,q,r}, if pedrel,gerel,thenB={0,1,p,q,1r,p®q, PO
ngernpeqern pLart (peq, (per, @ernt (peqaer)} is
a Boolean subalgebra afby Lemma 1.5. Obvioushyp & r,g&r € | N B € B.
SinceB is a Boolean subalgebra ahch B is anideal oB, we knowthatp & r) v
(ger)elNnBCIl.Thenpdr)v(ger)=(pvr)v(@vr)=(pvag)Vvr.
For (p@q)L r,thenpedger =(pvq)Vvr. Therefore,pdqer =(p&
rvger)el.ie, (12)is satisfied. Sb is a generalized ideal df.

“If” part. For all Boolean subalgebrB, if x <y, x € Bandy € | N B, by
(11), thenx € I N B. For allx, y € | N B, since{x, y} € B is compatible when
B is a Boolean subalgebra, then there exists a triple orthogoniadiset, d} such
thatx =x; ®d,y=y, ®d. Evidently,x; 8y ®d € | NB,Xx < X; ® y1 & d,
andy <x; ® y1 &d. Thenx vy < x; @ y1 & d which impliesx vy el NnB.
Sol N Bis anideal ofB. Hence|l is a local ideal. O

Remark 2.8.

(i) WhenL is a Boolean algebra, then the notions of ideals, local ideals, and
generalized ideals are the same thing.

(i) WhenL is an orthomodular lattice, any ideal is a generalized ideal (local
ideal). Conversely, it is not true, a counterexample is given Fig. 1.

Fig. 1 is an orthomodular lattice which is not a Boolean algebra.

Let| = {ct, e, b, d, f,0}. Obviously,l is a generalized ideal, butis not
an ideal. Forb, f € I, there doesn’t exist an elemegte | such thatb < g,
f<og.
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Theorem 2.9. Let L be an OA. Then L is an orthomodular poset iff for all
aeL,[0,a]is ageneralized ideal.

Proof: “Only if” part. By Proposition 2.5. “If” part., we only need to prove
that for allx,y € L, xL y implies x v y exists by Definition 1.4. For akt €
L,x < ¢,y <c, then{x, y, 0} is a triple orthogonal set. By the assumption, then
XxX®dyel0,cie,Xxdy<cC.SOXPYy=XVY. O

Remark 2.10. Let L be an OA which satisfies the increasing chain condition.
Then for all down setl, | = U{| p|p € M}, where M is the set of maximal
elements of .

Proposition 2.11. Let L be an OA which satisfies the increasing chain condition.
| isageneralizedideal of L. pisamaximal elementof |. Thenforallg g* v p
existsand ¢ v p = 1.

Proof: Forallr e L,if p<r,q* <r,thenrt <qg.Henca € |.Thenp Lr+
by p <r. Obviously,{p,rt, 0} is a triple orthogonal set, which implies that
p®0=pel,rt®0=rtecl.Thenp®rt@0el. Sincep is a maximal
element, them = 0. Sor = 1. Thatis to sayg* v p = 1. o

Corollary 2.12. Let | be a generalized ideal and, g be maximal elements of
I. Then p- v g =1, pt Aq = 0. (Therefore, maximal elements of a generalized
ideal are perspective in the sensekdimbach, 1983)

Let Sbe a support, and defirg={pe L | p ¢ S}

Theorem 2.13. Let S be a support of L, theg is a generalized ideal, and the
assignment $> s is an isomorphism from supports to generalized ideals.

Proof: Obviously, if S= @, thenls = L is a generalized ideal dof. If Sis
a proper support, thes is an up set. Hencdg is a down set. For all triple
orthogonal sefp, q,r},if p@r e ls,qdr € ls,thenpdr ¢ S, qdr ¢ S. So
by Lemma 1.10p, q,r ¢ S. Again by Lemma 1.10p @& g & r ¢ S. Hencep &
gor € ls. Solsisageneralized ideal. In order to proBe—> | is anisomorphism
we only have to prove for all generalized idéathere exists a suppa®such that
| =g

LetS={pelL|pégl}. ForOel, then O¢ S. Forp,qe L, pL g, and
{p, q} N S+ @, supposethgh € S;thenp & |.Sop@ g & |. Thereforep d q €
S. Conversely, ifp@® g € S, then there is neithep € | nor g € |. Otherwise,
{p, g, 0} is a triple orthogonal set, theme q € |I. So{p,q} N S#d.i.e,Sisa
support. Obviouslytf = 15. O



Generalized Ideals in Orthoalgebras 2829

Corollary 2.14. Let L be an OA and | be ageneralized ideal of L. ThénlL\|
are a generalized filter, a support respectively, addd L\I.
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